Abstract. In this work we discuss observational aspects of three time-dependent parameterisations of the dark energy equation of state w(z). In order to determine the dynamics associated with these models, we calculate their background evolution and perturbations in a scalar field representation. After performing a complete treatment of linear perturbations, we also show that the non-linear contribution of the selected w(z) parameterisations to the matter power spectra is almost the same for all scales, with no significant difference from the predictions of the standard ΛCDM model.
Introduction
Probing the nature of the physical mechanism behind the current cosmic acceleration is one of the central issues in theoretical physics and cosmology. In the framework of the standard ΛCDM model, which seems to be consistent with most of the cosmological observations, the observed acceleration is explained by adding a cosmological constant Λ to the right-hand side of Einstein field equations. Despite of its simplicity and success in explaining present-day data, the standard cosmology has a couple of theoretical loopholes as, for example, the fine tuning and coincidence problems [1] , which have led to alternative proposals that either modify the Einstein field equations on large scales or consider a landscape with a dynamic dark energy (we refer the reader to [2] [3] [4] [5] for some reviews).
Following the latter approach, the dark energy component is described by an equation-of-state (EoS) parameter, w(z), which evolves with the redshift, being physically restricted to the interval −1 ≤ w(z) ≤ −1/3 (for a discussion on the so-called phantom fields, for which w < −1, see, e.g., [6] [7] [8] [9] [10] ). Currently, there is no strong observational evidence either for departures from w = −1 or for a time evolution of the dark energy EoS. However, since such results would be of great impact on cosmology, a number of studies on dark energy parameterisations have been discussed in the literature (see, e.g., [11] [12] [13] [14] [15] [16] and references therein).
Observational constraints on time-dependent EoS parameterisations have been obtained using different observables, such as distance measurements to type Ia supernovae (SNe Ia) [17, 18] , measurements of the baryonic acoustic oscillation (BAO) scale [19] , anisotropies of the cosmic microwave background (CMB) [21] , among others [22, 23] . Presently, these observations allow for slight deviations from the standard model (w = −1), which are usually characterised by two parameters (w 0 , w a ).
The goal of the present analysis is to investigate the non-linear contribution of some selected dark energy parameterisations to the matter power spectra and use this observable to infer a possible time-dependence of w. In our analysis, we consider three EoS parameterisations, as discussed in Refs. [24] [25] [26] [27] [28] . After fitting their parameters to the current SNe Ia and BAO datasets, a complete treatment of the linear evolution of perturbations from the entry of perturbations produced by inflation in the horizon until today is presented. Firstly, we solve the perturbation equations for different modes using a scalar field representation. Then, we modify the code CAMB [29] by implementing the Parameterised Post-Friedmann (PPF) [30] approach to cross the phantom divide line, which allows to study the linear matter power spectrum. In addition, we also estimate the non-linear matter power spectrum by extending the HALOFIT [31, 32] routine, built originally for w = const. models, to the time-varying equation-of-state parameterisations considered in this work. For this purpose, we use a suitable spectral equivalence described in [33, 34] .
The structure of this paper is the following: In Section 2 we review the context of the background equations for the scalar field dynamics. We discuss the dark energy parameterisations in a scalar field representation in Section 3. In Section 4 we review the current constraints from type Ia supernovae and BAO observations on these parameterisations and present a brief comparison with the ΛCDM model, showing, in particular, that a possible tension between them is minimal [35] . In Section 5 we present the linear perturbations of the dark energy parameterisations coupled to a scalar field, and show that the solution is scale invariant. The non-linear contribution of the selected dark energy parameterisations to the matter power spectra is discussed in Section 6. Finally, in Section 7, we summarise our main conclusions and results.
Background equations
Following standard lines, we consider that dark energy and matter (baryonic + dark) exchange preserves, separately for each component, the total energy conservation equatioṅ
where the EoS parameter w = p/ρ is the ratio between the pressure and the energy density.
Scalar field dynamics
The scalar field representation of dark energy parameterisations can be done by considering the equations for density and pressure of a scalar field ψ as follows [36] 
3)
from where we can rewriteψ
Using this relations with 8πGρ ψ,0 = 3H 2 0 Ω ψ we can obtain a set of these functions for any specific form of w(z). As we will discuss later, with these expressions it is possible to compute the w(z) contribution to the linear and non-linear perturbations. The expansion rate is related to the energy content with the Friedmann equation, as usual:
3 Parameterisations and their scalar field representation
Taylor series-like parameterisations of the type w(z) = n=0 w n x n (z), where w n are constants and x n (z) are functions of the scalar factor, a, or, equivalently, the redshift z, are among the most commonly adopted in the literature. However, their analysis does not take into account a canonical scalar field, which can be a good candidate for the observed cosmic expansion. In this work we consider three w(z) parameterisations and their scalar field representations.
Linear Model
The simplest way to parameterise the evolution of the equation of state w is by taking a Taylor expansion at first-order [24, 25] w(a)
which can be reduced to ΛCDM model (w(z) = w = −1) for w 0 = −1 and w 1 = 0. The energy density associated to this model is then given by
where we consider a normalisation with a 0 = 1. Using the set of background equations given above we can calculate the scalar field and the potential for this model
The Hubble expansion rate can be written as
Currently, the most adopted parameterisation is the so-called Chevallier-Polarski-Linder (CPL) parameterisation [26, 27] w(a)
The energy density associated to this model is given by
Note that, differently from (3.1), the CPL parameterisation does not blow up as e 3w 1 (1− 1 a ) in the past. On the other hand, it does blow up exponentially in the future as a → ∞ (z → −1) for w 1 > 0 [37] .
Using the background equations we can calculate the scalar field and the potential for this model
For this model, the Hubble expansion rate is given by
This model, proposed in [28] , is well-behaved over the entire cosmic evolution and mimics a linear-redshift evolution at low redshift. Its functional form is given by
Note that this parameterisation does not diverge at z → −1 as the above ones. The energy density associated to this model is given by
Using the background equations we can calculate the scalar field and the potential for this parameterisation, i.e.,
The evolution of these dark energy models in comparison with ΛCDM are displayed in Figure  1 using the datasets described in Sec. 4.
Current observational constraints 4.1 SNe Ia
For the first cosmological test we will employ the most recent SNe Ia catalog available, the JLA (acronym for Joint Lightcurve Analysis) described in [17] . Given the same trend as using the full catalog itself, we employ here the catalog with a binned sample data described in Table 1 which consists of N JLA = 31 SNe Ia events distributed over the redshift interval 0.01 < z < 1.3. The statistical analysis of the this binned data lies in the definition of the modulus distance: is the Hubble free luminosity distance with E = H(z)/H 0 and (w 0 , w 1 ) are the free parameters of the model. The best fit values are obtained by minimizing the quantity
where the σ 2 µ,i are the measurements errors.
Baryon acoustic oscillations
The sample of BAO measurements used in this analysis is described in [38] [39] [40] . Before proceeding to the statistical analysis of these data, we define the ratio
where r s (z d ) is the comoving sound horizon at the drag epoch where D A is the angular diameter distance:
.
Through the comoving sound horizon, the distance ratio d z is related to the expansion parameter h (defined such that H 100h km/s/Mpc) and the physical densities Ω m and Ω b . Specifically, we have with Ω b = 0.045 ± 0.00054. The χ 2 function for the BAO data is defined as:
where X BAO is given as In order to determine the best fit values of the parameters w 0 and w 1 for our three parameterisations discussed above, we will employ the maximum likelihood method, where the total likelihood for joint data analysis is expressed as the sum of each dataset, i.e., 
Background analysis: results
For our background analysis we include the Planck data [21] , were the selected priors for Ω m and Ω b are obtained from a forecast of CMB observations with this astrophysical mission. In Figure 2 we show the confidence contours for the three parameterisations using only the JLA data set. The results where Γ and erf are the Gamma and the error functions, respectively, and ∆χ 2 σ (w 0 ) = χ 2 Total (w 0 JLA + BAO ) − χ 2 Total (w 0 JLA ). We follow the same rule for w 1 . The tension between probes seems to be reduced when we use the BA parameterisation. From Table 2 we also observe that the best fit obtained by using the BA case is in better agreement with ΛCDM, around 1% of difference than using the CPL case.
Perturbative Analysis
Apart from the evolution of the homogeneous part of the dark energy parameterisations, the linear perturbations are indeed a substantial analysis to understand their evolution. In order to describe their dynamics when a scalar field is included, let us write the Einstein equations as
which preserves the conservation equation
with the Klein-Gordon equation: where φ 2 = 8πGψ 2 and V = 8πGU. Rewriting Eq.(5.1) as
we can perturbed to obtain
If we consider the component µ = 0, ν = 0, we obtain, with the synchronous coordinate condition,
The variation of the energy-momentum tensor Eq.(5.2) sets the following
Using this latter and assuming δ = δρ m /ρ m , 8πGρ m = 3H 2 0 Ω m /a 3 , δφ = ν in Eq.(5.6) we havë
Now, the variation of the D'Alembert operator of the scalar field Eq.(5.3) can be computed as
Using Eq.(5.9) and the component when λ = 0 we finally havë
Also, as we did for Eq.(5.8) we can rewrite Eq.(5.11) as
Finally, takingδ =ȧδ , where the prime denotes derivatives with respect to the scale factor, we can compute the following perturbation equations for a scalar field with a specific set ofφ and
where H =ȧ and φ =φ/H.
Solutions of linear perturbations and CMB analysis
In the attempt to account for a complete treatment of the linear evolution of perturbations from the entry in the horizon of perturbations produced by inflation until today for each scale, we modified the Boltzmann code named CAMB 1 [29] , that solves numerically the fluid equations following [43] :
where derivatives are respect the conformal time, H is the conformal Hubble parameter, v i is the velocity, w i ≡ p i /ρ i , h = (δa/a) , andĉ 2 s is the sound speed evaluated in the frame co-moving with dark energy (ĉ s = 1 for quintessence).
In order to avoid the crossing instability problem at the phantom divide line, i.e. w = −1, the CAMB code provides a module that implements the Parameterized Post-Friedmann (PPF) approach [30] for the CPL model. We modified it to also include the Linear and BA parameterisations. The advantage of this approach is to replace the condition on the dark energy pressure perturbation with a relationship between the momentum density of this dark component and that of the other components on the large scales, providing a well-controlled approximation for any model where the energy and momentum of the dark energy are separately conserved.
The solution of (5.8) and (5.11) are compared with the solution of (5.13) and (5.14) for different modes, k = 0.01 hMpc −1 and k = 1 hMpc −1 , and shown in Figure 4 for the CPL case. We start the computation of (5.8) and (5.11) inside the radiation era at a = 10 −7 withδ = δȧ/(a + a eq /1.5), where a eq is the scale factor at radiation-matter equivalence [20] , and, concordantly, we consider the radiation term contribution in the Friedmann equation. In this figure we see that the evolution of δ(a) is scale invariant for the parametrisations here considered. Qualitatively, the scalar field undergo damped oscillations for scales k > a 2 V φφ . On these scales the scalar field will not contribute to the total gravitational potential and can be approximated as homogeneous. The difference of the solutions at early time, occurs because CAMB takes into account the entrance of the perturbations at the horizon scale. On the contrary, for eqs (5.8) and (5.11), we set the initial conditions immediately inside the horizon scale at a = 10 −7 , when, actually, the perturbations at scales k = 1 hMpc −1 and k = 0.01 hMpc −1 have not entered inside the horizon yet. Accordingly, Figure 4 shows that the solutions overlap after the perturbations have entered in the horizon (in CAMB), and not before.
The comparison of the results obtained from CAMB for the different dark energy parametrizations are shown in Figure 5 . The CMB power spectra of our models with respect to the ΛCDM cosmology are shown in the upper panel. All the models share the same log power of the primordial curvature perturbations ln(10 10 A s ) = 3.09 and the same scalar spectrum index n s = 0.966, with k 0 = 0.05 Mpc −1 as indicated by [21] . Fixing the set of parameters by the SNe Ia constraints for each model, the discrepancies from the ΛCDM scenario favor the BA parameterisation. A finest future analysis could also consider the employment of the code COSMOMC 2 [44] that provides a joint analysis of background and perturbation exploring a large dimensional space of parameters.
Finally, as mentioned earlier, the δ(a) evolution is scale-invariant. Therefore, we can have a complete description of the growth rate of structure, defined as f Ω = d ln δ d ln a , by considering a single mode. In the bottom panel of Figure 5 , it is shown that the variations with respect to the different models do not exceed ∼ 2.5% at z = 0.
Non linear power spectrum
In this section we estimate the non-linear contribution of the w(z) parameterisations to the matter power spectrum. The aim here is to detect any observational signature that may distinguish among these models. Such contribution can be derived in a straightforward way by performing time expansive numerical simulations. However, this is not necessary. A common approach in the prediction of the P(k) is to compute the non linearities using the Halofit recipe [31] revised in [32] . In [45] , it was introduced the HMcode 3 , a fit of the Halo model [46] on the Coyote suite simulations [47] including also the effect of baryons physics as quantified in [48] , that implemented star formation, supernovae and active galactic nucleus feedback. Despite these methods are built on simulations of models including w = const. only, they are employed for w = w(a) models [21] , by entering an evident bias in the forecasts.
In Ref. [33] , it was found a spectral equivalence between w = w(a) models and w = const, that drastically simplifies the task to find a universal Halo model. Previous authors [49] had shown how spectral predictions for constant-w models at z = 0 can also be used to fit spectra of CPL cosmologies with a precision ∼ 1%. To meet such precision at non-zero redshift, a new technique is needed, that it was defined in [33] and tested for several models [33, 50] , both through purely gravitational simulations and through simulations including baryon physics [51] . Recently, in [34] it was described a public package called PKequal 4 , that extends both Halofit and Coyote suite from w = const to CPL models. In this work, we modified the PKequal code in order to also include the Linear and BA cases and chose to extend the predictions of the code described in [47] . The results are shown in Figure 6 . We observe that most of the discrepancies is due to the linear evolution, while the non-linear contribution is almost the same for all the scales. Indeed the P(k) differs between the models according to the δ(a) evolution at z = 0 (see Figure 6) . Clearly, the current uncertainties on the cosmological parameters do not allow to discriminate between the parameterisation models. It is expected that future weak lensing surveys that aim to distinguish matter distribution at 1% level, e.g. Euclid [52] , will be able to discriminate time-dependent dark energy parameterisations from the standard ΛCDM model using the observables discussed in this analysis.
Conclusions
We have studied three dark energy parameterisations with two free parameters (Linear, CPL and BA), which make suitable for fitting the current JLA, BAO and the combination of these datasets. By using these models, it was possible to set the dynamics of the dark energy in a scalar field representation. In Table 2 it was reported the best-fit parameters for each model using the current cosmological data. Also, it is important to remark that we have presented a complete treatment of the linear evolution of perturbations from the entry of perturbations produced by inflation in the horizon until today. We have calculated the numerical perturbations for each parametrisation and shown that the differences of the growth factors for extreme values of k are almost negligible. Furthermore, using a suitable spectral equivalence, we have shown that the non-linear contribution of the selected dark energy parameterisations to the matter power spectra is almost the same for all scales of interest. Finally, we have observed that, for the current uncertainties on the cosmological parameters, the power spectrum for our three selected parameterisations is indistinguishable from the one predicted by the standard model. We expect the next generation of cosmology experiments to be able to distinguish between time-dependent w(z) models and the standard ΛCDM cosmology using the observables discussed in the present analysis. . k modes for the CPL parameterisation. Top: The mode k = 0.01M pc −1 of the δ solution of (5.14) in black-dashed, compared with the output of the modified CAMB for cold dark matter (δ c in blue), baryons (δ b in red) and all matter (δ m in green). Middle: The same for the mode k = 1 (δ in black-dotted). Bottom: The two δ modes are undistinguishable and overlap to the CAMB solutions of δ m after the recombination era. For brevity, we only show the behaviour for CPL model since the results for the other two parameterisations are essentially the same. power spectrum versus multipole moment l using the best fit values obtained for each dark energy parameterisation using the combined JLA+BAO data set. Bottom: The evolution of f Ω and δ(a) for each model.
-16 - Figure 6 . Non linear power spectrum derived using the PKequal package, as discussed in the text. σ 8 values are computed on the linear spectra and the w values are the equivalent w-constant models that reproduce the non linear spectra for every model, following [33, 34] . The thin line represents the linear matter power spectrum predicted by the ΛCDM model.
